Introduction
The purpose of this note is to point out that some of the recent work of Mariño-MoorePeradze [13] , [12] -in particular their conjecture that all closed, smooth four-manifolds with b + 2 (X) > 1 (and Seiberg-Witten simple type) are of 'superconformal simple type' [12] , [13] -can be understood using the PU(2) monopole cobordism of [17] , exploiting a mechanism first pointed out in [4] .
Throughout this paper, let X denote a closed, oriented, smooth four-manifold with b + 2 (X) > 1 and with b 1 (X) = 0. Once an orientation of H 2 + (X) is chosen, we can define the Seiberg-Witten invariants, which we view as a function
where Spin c (X) denotes the set of isomorphism classes of spin c -structures on X. A cohomology class K ∈ H 2 (X; Z) is called a SW-basic class if there is a spin c -structure s with c 1 (s) = K and SW X (s) = 0. The set B = B(X) of basic classes is finite. A four-manifold X is said to be of SW-simple type if for all K ∈ B, K 2 = 2χ(X) + 3σ(X).
Given an integral two-dimensional cohomology class w, we combine the Seiberg-Witten invariants into an analytic function of h ∈ H 2 (X; R) by the formula The vanishing condition in the conclusion of Theorem 1.1 is the statement that X has "superconformal simple type" in the terminology of [13] , where it is further conjectured that all four-manifolds of SW-simple type have this property. The theorem therefore reduces the conjecture of [13] for abundant manifolds to the technical Conjecture 3.2. This conjecture is the assertion that Seiberg-Witten moduli spaces in any stratum of the compactified moduli space of PU(2) monopolesM W,E make no contribution to the Donaldson invariants defined byM asd E ⊂M W,E if their associated Seiberg-Witten invariants vanish. The work of the first and third authors ( [8] , [4] , [7] , [1] , [5] , [6] , [3] ) goes a long way towards a proof of Conjecture 3.2. If Conjecture 3.2 is not assumed, a somewhat weaker result with a correction term can still be deduced from those papers; the correction depends on the maximum dimension of the non-empty Seiberg-Witten moduli spaces. See §3 for more details on this conjecture.
Given the conjectured formula [19] relating the Seiberg-Witten invariants for manifolds of simple type and the Donaldson invariants, the conclusion of Theorem 1.1 implies a vanishing theorem for the Donaldson invariants through certain degrees. In fact, we shall first prove the vanishing result for Donaldson invariants stated in Theorem 1. 
(See §2 for the conventions.)
We will show that Theorem 1.2 implies the stated relations among the Seiberg-Witten invariants.
It is likely that more general relations among SW or KM basic classes may follow from a mechanism pointed out in §5 of [4] : specifically, combine Lemmas 5.30 and 5.31 with Theorem 6.8 (or Theorem 1.2, if b 1 = 0 is assumed). In a sequel [2] , the authors of [4] plan to further elucidate some important consequences of [4] which were not adequately developed in that article.
Recall from [11] that a connected smoothly embedded surface Σ is called tight if the homology class [Σ] of Σ is non-trivial and
From the adjunction inequality [10] it follows that a four-manifold which admits a tight surface has SW-simple type (and indeed KM-simple type). A four-manifold is abundant if it has a sufficiently rich collection of tight surfaces suggesting that in fact the "superconformal simple type" condition is related to the SW-simple type and KM-simple type conditions. for helpful comments. The first author would like to thank the Institute for Advanced Study, Princeton, the Institut des HautesÉtudes Scientifiques, Bures-sur-Yvette, as well as the National Science Foundation, for their generous support during the preparation of this article.
The Donaldson Invariants and relations to the Seiberg-Witten invariants.
We quickly review some basic definitions regarding the Donaldson invariants (see [11] ). Let
be the graded algebra, with
In particular a point x ∈ X gives a distinguished generator still called x in A(X) of degree four. For any choice of w ∈ H 2 (X, Z) there is a corresponding Donaldson invariant which is now a linear function D w X : A(X) → R and is defined by evaluating monomials on instanton moduli spaces via SO(3)-bundles P with w 2 (P ) ≡ w (mod 2) and w determining the orientation using Donaldson's conventions. If w ≡ w ′ (mod 2) we have
and χ(X) + σ(X) ≡ 0 (mod 4).
A four-manifold has KM-simple type if for all z ∈ A(X) we have
. It it known that if this relation holds for one w, it holds for all w. For manifolds of KMsimple type one introduces the formal power series in a variable h ∈ H 2 (X),
By Equation (2.1) D w X is an even function if
and is odd otherwise. Notice that SW w X has the same property since
According to [11] , the series D w X (h) is an analytic function of h and there are finitely many characteristic cohomology classes K 1 , . . . , K m and constants a 1 , . . . , a m (independent of w) so that
Witten's conjecture [19] relating the Donaldson and Seiberg-Witten invariants of manifolds of simple type says that If instead we have: (χ(X)+σ(X)) (mod 2) so assume this as well. By our assumption on w 2 we have d ≡ c(X) (mod 2). As above it is enough to prove the result for d ≤ c(X) − 4. Suppose first that d = c(X) − 4k for some k ≥ 1. By remark 2.2 we can assume that w is not characteristic but that w 2 ≡ σ(X) (mod 4). Then choosing Λ ∈ B ⊥ so that 
Now choose Λ with
Then (w, Λ) is still allowable but now we have Thus Equation (2.3) of Theorem 2.1 applies to both w and w ′ to give (The same mechanism can be seen in our earlier survey [7] : combine Lemma 3.17 with Theorems 3.21 and 3.23.)
Λ 2 = −(χ(X) + σ(X)) + 4k − 4,D w X (h d−2m x 2m ) = ±D w ′ X (h d−2m x 2m ).
Seiberg-Witten solutions to the PU(2) monopole equations
We give X an orientation and a Riemannian metric g, and consider Hermitian, rank-two vector bundles E over X. We assume the determinant line bundles det E are isomorphic to a fixed Hermitian line bundle over X, endowed with a fixed C ∞ , unitary connection A det E . Let Spin c (X) be the set of isomorphism classes of spin c structures on X, and let s 0 := (W + , W − , ρ) be a spin c structure on X, defined by a Hermitian, rank-four vector bundle W = W + ⊕ W − and Clifford map ρ : T * X → End(W ) compatible with g. Let
(q) -see Equation (2.15), Lemma 2.6, Corollary 2.8, Definition 3.11, and Lemma 3.13 in [4] -are given by a connection A on det(W + ⊗ L 1 ) and a section Φ ∈ Γ(W + ⊗ L 1 ) satisfying the following perturbation of the standard Seiberg-Witten equations:
In the above equation, (X, iR) ; the generic parameters τ , ϑ, lie in small neighborhoods of the identity in Γ(GL(Λ + (T * X))) and zero in Ω 1 (X, C), respectively. Here, p is the generic perturbation parameter given by equation (3.2) below, while q := (g, τ, θ). The parameter p = p(F ) depends on F since η 0 is not an arbitrary self-dual two-form.
Recall that the space H 2 (X; Z) acts transitively on Spin c (X) via s → s + α, where c 1 (s + α) = c 1 (s) + 2α and α ∈ H 2 (X; Z) [18, Theorem 6.9], so any spin c structure on X takes the form
for some complex line bundle L 1 over X. When b + 2 (X) > 1, the Seiberg-Witten invariant SW X (s) is independent of the total perturbation parameter,
but, as is well known, this is not the case when b + 2 (X) = 1 and SW X,p (s) then depends on the chamber in H 2 (X; Z) determined by the perturbation parameters. However, even when b + 2 (X) > 1 and SW X (s) = 0, the moduli space M sw s (p) may be empty for some values of the parameter p, but non-empty (though homologically trivial) for others: such moduli spaces are cobordant, but the cobordisms only preserve the Seiberg-Witten invariants and not the unsigned count of points in M sw s (p). In the absence of a complete proof of Conjecture 3.2 below, non-empty Seiberg-Witten moduli spaces M sw s (p) with zero Seiberg-Witten invariant can potentially contribute to the calculation of Donaldson invariants [4] .
With the remarks of the preceding paragraph in mind, we define the following p-dependent set of spin c structures -which is finite by [19] -and the maximal dimension of their associated Seiberg-Witten moduli spaces, 
Note that the inclusion (3.4) follows because if SW X (s) = 0 and b
s (p) will be non-empty for any choice of perturbation parameter p. We have the following criterion for which moduli spaces M sw s (p) appear in a given PU(2) monopole moduli space. Lemma 3.1. Let X be a smooth, oriented, closed four-manifold. Let s 0 = (W + , W − , ρ) be a spin c structure on X and let E be a rank-two, Hermitian vector bundle over X. Denote F = c 1 (E) + c 1 (s 0 ) and p = p 1 (su(E)). If s ∈ B(X, p) with
Proof. Let L 1 be the complex line bundle over X with c 1 (
Using the equality c 1 (s) = c 1 (s 0 ) + 2α, we see that
The conclusion follows by observing that the lower levels are defined by rank-two bundles E ′ with c 1 (E ′ ) = c 1 (E) and p 1 (su(E ′ )) = p 1 (su(E)) + 4ℓ, with ℓ a positive integer.
This concern with non-empty, but homologically trivial moduli spaces M sw s (p) would be unnecessary if the conjecture described §3.1 holds (as expected from [4] , [5] , [6] ).
3.1. The multiplicity conjecture. We discuss an extension of [4, Theorem 1.1] to the case where there are Seiberg-Witten solutions to the PU(2) monopole equations or 'reducibles' in the lower levels of the Uhlenbeck compactification of M W,E ,
The smooth parts M * ,0
a smooth stratum, have codimension greater than or equal to 2ℓ. For z ∈ A(X), a geometric representativeV (z) ⊂M W,E of codimension deg z is defined in [4] . We prove in [4] that this geometric representative intersects the lower levels ofM W,E in a set codimension deg z except at the reducible points. There is also a geometric representativeW (x nc 1 ) ⊂M W,E which has codimension 2n c 1 on the complement of the reducible and zero-section points. The formula in [4, Theorem 1.1] is obtained by comparing the intersection of the product of geometric representatives,V (z) ∩W (x nc 1 ), and the link of the stratum M asd E , with a sum of their intersections with links of the strata of reducibles (3.6) when ℓ = 0.
Thus, to extend [4, Theorem 1.1] to the case where there are reducibles in the lower levels M W,E −ℓ × Sym ℓ (X), ℓ > 0, it is necessary to consider the links inM W,E of the families
The gluing theorems of [5] , [6] provide a sufficiently explicit description of a neighborhood of the family (3.6) so that one can define their link inM W,E , which we denote by L W,E,L 1 . When reducibles are allowed in lower levels ofM W,E , the formula of [4, Theorem 1.1] would then be replaced by The definition of the link and the proof that the preceding intersection number is welldefined will appear in [6] . contained in the top level, M W,E , Conjecture 3.2 follows immediately from Theorem 1.2 in [4] and, when ℓ = 1, from unpublished work of the authors of [4] .
